Recived : 15\6\2016 


Journal of AL-Qadisiyah for computer science and mathematics 


Vol.8 


No.2 


Year 2016 


Page 25 - 33 


Dheia. G /Mohammad. A 


On DM- Compact Smarandache Topological Semigroups 


Dheia Gaze Salih Al-Khafajy 
Department of Mathematic 
College of Computer Science and IT 
University of Al-Qadisiyah 
E-mail: dheia.salih @ qu.edu.iq 


Abstract 


Mohammed Abdulridha Mutar 


Wright state University, Ohio, USA 


Revised : 16\10\2016 


E-mail: Mutar.2@wright.edu 


In this present paper, we have introduced some new definitions On DM-compact Smarandache 


topological semigroup and DM-L. compact Smarandache topological semigroup for the compactness in 


topological spaces and groups. We obtained some results related to DM-compact Smarandache topological 


semigroup and DM-L. compact Smarandache topological semigroup, for example any infinite group can 


be a DM- compact Smarandache topological semigroup. 
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1. Introduction 

A topological group (G,t,*) is said to be 
compact topological group, if a topological 
space (G,T) is a compact space [1]. Also a group 
(G,*) is said to be D-compact group if for every 
D-cover group of (G,*), there exists a finite sub- 
D-cover group of (G,*) [5]. 

Vasantha Kandasamy [6], introduced details 
on a Smarandache structure on a set G means a 
weak structure Won G, where there exists a 
proper subset H of G embedded with a strong 
structure S. Here, we investigated on DM- 


compact Smarandache topological semigroup 


25 


semigroups, groups, Smarandache semigroup, DM-covering, topological semigroup, 


and DM-L. compact Smarandache topological 
semigroup for the compaction in topological 
spaces and groups, we obtain some good results 


related to these concepts above. Al-Khafajy [7], 


introduced details on D-Compact Smarandache 
Groupoids. Al-Khafajy and Sadek [8], studied 
the D-Compact Topological Groups. 

Motivated by this, we introduce and study 
the DM-compact Smarandache topological 
semigroup and DM-L. compact Smarandache 


topological semigroup. 
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2. Definitions 
2.1 Definition 

1-We say that the triple (G,t,*) is a 
topological semigroup if (G,t) is a topological 
space and (G,*) is a semigroup, where * : G x 
G — G is a continuous, (the set G x G has the 
product topology). 

2- 'We say that the triple (G,t,*) is a 
topological monoid if (G,t) is a topological 
space and (G,tT) is a semigroup with a unit 
element (monoid). 

3- °The topological semigroup (G,t,*) is 
called topological group and denoted by (G,*,7) 
if (G,*) is a group, such that, writing p(x) = 


xot 


the inversion map p :G —> G is 
continuous. 
4-Let (G,t,*) is a topological semigroup 
(monoid, group), the topological subsemigroup 
(submonoid, subgroup) (H,ty,*) is a subset H 
of G with the topological and semigroup 
(monoid, group) structures induced from G 
make H a topological semigroup (monoid, 
group), respectively, where Ty = HNT 
2.2 Definition 
Let (G,t,*) be a topological semigroup, T is 
anon empty subset of G, and J be an indexed (/ 
is a finite or an infinite set), we say that; 
1- The family {A;; A; € 7,Vi € J} is a DM- 


covering set of T if T © Uje, A; . 


' See [6] 


* See [2] 
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2-The set T is DM- compact Smarandache set if 
for any DM-covering set of T, there is a finite 
DM-subcovering set of T, {A;}je;, (J is a finite 


set), such that T = Uje, A; and (Aj,*) is a group 
Vj € J under the same operation * on G. 
3-The set T is DM-L. compact Smarandache set 
if for any DM-covering set of T , there is a 
countable DM-subcovering set of JT, {As}ses5 
«Sis a countable set), such that T= 
Uses A,and (A,,*) is a group Vs € S under the 
same operation * on G. 
2.3 Definition 
Let (G,t,*) be a topological semigroup and / 
be an indexed (J is a finite or an infinite) set, we 
say that; 
1- The family {G;; G;Et,VieEl} is DM- 
covering of (G,t,*) if G = Uie, G; . 
2- The topological semigroup (G,t,*) is DM- 
weakly compact Smarandache _ topological 
semigroup, if there is a finite DM-covering of 
(G,t,*), such that (G;,*) is a group Viel 
under the same operation * on G . 
3- The topological semigroup (G,t,*) is DM- 
compact Smarandache topological semigroup if 
for every DM-covering of (G,t,*) there is a 
finite sub-DM-covering {G;}j<;, (J is a finite 
set), such that G=Uje,G; and (G;,*) is a 


group Vj € J under the same operation * on G. 
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4- The topological semigroup (G,t,*) is DM- 
weakly L. compact Smarandache topological 
semigroup, if there is a countable DM-covering 
of (G,t,*), such that (G;,*) is a group Vj EJ 
under the same operation * on G . 

5- The topological semigroup (G,t,*) is DM- 
L. compact Smarandache _ topological 
semigroup if for every DM-covering of (G,T,*) 
there is a countable sub-DM-covering {G;}se5 , 
G = Uses Gs 


and (G,,*) is a group Vs € S_ under the same 


(S is a countable set), such that 


operation *onG . 
2.4 Definition 

*Let (G,t,*) and (G,7,*) be two topological 
semigroups, we say that; 
l- f: (G,t,*) > (G,7,*) is a homomorphism if 
f: (G,t) > (G,7) is a continuous and 
fa*W=fO*fO) Vx VEG, 
2- f:(G,t,*) > (G,7,%) is an isomorphism if it 
is a topological and 
fax*W=fCO*fO) Vx y EG, 


3. Main Results 


homeomorphism 


The prove of the following lemma is direct, 
hence is omitted. 
3.1 Lemma 

Any DM- compact Smarandache topological 
semigroup is DM- weakly (DM-L.) compact 
Smarandache topological semigroup. 
3.2 Theorem 

Any infinite group can be a DM- compact 


Smarandache topological semigroup. 


> See [2] 
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Proof 

Let (G,*) is any an infinite group, J is a set 
(finite or infinite), defined 

t={A;&G; A§ is a finite set, (A;,*) group 
ViEl&A;, CA;, fori; Siz} UD. 


It is clear that tT # @, since every finite group G, 


< 


(o(G) = 4), has nontrivial subgroups unless it is 
cyclic of prime order, but G is an infinite so G 
has nontrivial subgroups, [3]. 


It is easy to prove that (G,*) is a topological 


space; 

1- @ €tand Go =@ isafinite=> GET. 

2- Let A,,A, Et so Af, AS are finite, but 
(A, N Az)* = ALU AS = (A, /N Az)° is finite 
and we know that (A, N A2,*) is a group => 
A, N Az ET. 

3- LetA, ET, VSES >| AS isafinite Vs ES 
=> NsesAS is a finite and (UsesA,)° = 


Nses AS , and we know that U,esA, = A; for 
some t where s <t Vs € S so (Uses As,*) iS a 
group and hence Uses A; € T. 
Therefore (G,*) is a topological space. And 
hence (G,7,*) is a topological group, which is 
also a topological semigroup. 

Let {A,; Ay € T,2 € A}, indexed by A, be 
any DM-covering of (G,t,*), that is G= 
Uaen Ag. Let Ac € {Ay}ac, = (Ao,*) is a group 
and A$ is a finite set, suppose that Af = {a,, 


Qz,...,@n}, where aj € G Vj € J. For 
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eachj €J there is Ajj € {Aj}ae, such that 
aj EA, => Ao = Ujey Aaj . But G = A. U AS 
= G=AU (Uje; Aj,),80 that there is a finite 


sub-DM-covering {Ae,Aj,,Aj,,.-- »Az,,} which 

is (Ao,*) and (Aj;.*) are groups for each j € J , 

and therefore (G,t,*) is a DM- compact 
Smarandache topological semigroup. 

By Lemma 3.1 and Theorem 3.2 we can 
prove the following, any infinite group can be a 
DM- weak (DM-L.) compact Smarandache 
topological semigroup. 

We can prove directly, by order the group and 
Lemma 3.1, the following theorem, 
3.3 Theorem 

Let (G,t,*) be a topological semigroup, such 
that G is a finite set. Then the following are 
equivalents; 

1-(G,t,*) is a DM- compact Smarandache 
topological semigroup. 

2-(G,t,*) is a DM-L. compact Smarandache 
topological semigroup. 
3.4 Theorem 

Let (G,t,*) be a topological semigroup and 
A, BCG, if A, B are DM- 


Then AUB is a DM- 


compact 
Smarandache set. 
compact Smarandache set. 

Proof 

Let {U;}ie; be a DM-covering set of AUB 
where U; €T, Vi €/, so that, A © Uje, U; and 
BC Uje,U; but AandB are DM- compact 
Smarandache sets, then there are finite subsets 


Ji-J2 S Tsuch that A © Usey, Us and 
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BC Utey, Uz where (U;,*) and (U;,*) are 
groups for each s€J,,t € Jo, hence AUB 
S (Uses, Us) U (Urey, Ut) = Ujes,us, Uj where 
J, UJz is a finite set and (U;,*) is a group for 
each j € J, UJ,. Therefore AUB is a DM- 
compact Smarandache set. 

The prove of the following corollary is direct 
from Theorem 3.4, hence is omitted. 
3.5 Corollary 

Let (G,t,*) be a topological semigroup and 
A.Beét such that AUB is a DM- compact 
Smarandache set, if (B,*) is group. Then A is a 
DM- compact Smarandache set. 
3.6 Theorem 

Let (G,t,*) be a topological semigroup and 


A,B GG ,if 


1- AUB isaDM- compact Smarandache set, 
2- Aand B are disjoint open sets, 
3- (A,*), (B,*)are groups, 


Then A and B are DM- compact Smarandache 
sets. 

Proof 

Let {U;}ice; be a DM-covering set of A where 
U,;EtT. Viel AUBE (Uje,U;) UB but 
AUB is a DM-Smarandache compact set, so 
that, there is a finite subset of J such that 
AUB © (Uje, U;) UB where (U;,*) are group 
Vj €J = (AUB) NAS [(Uje Uj) UB] 9 
A= ACGAN (Uje Uj) = AS Ujes Uj, 
hence A is a DM- compact Smarandache set. 

By similarity can we prove that B is a DM- 


compact Smarandache set. 
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3.7 Theorem 

Let (G,t,*) be a topological semigroup and 
ACH CG, if (A,*) is a group and A is a DM- 
compact Smarandache set in (G,t,*). Then A is 
a DM- compact Smarandache set in (H,T,,*;). 
Proof 
Let {Hj}ie; be any DM-covering set of A in 
(HT .*4), Ty =HNT ), 
A © Ujer Hi; H,=G;NH.G,€T, 
ViEl => AG Uie(G;NH ) = (Uje G;) NH 
=> ACUie G, but A is a DM- compact 


(where that is 


and 


Smarandache set in (G,T,*), so there is a finite 
subset J © J such that A = Uje; G; and (G;,*) is 
a group WEJ = = A= (UjeyG))NH 
= Ujes(G; NH), where (G; N H,*) is a group 
viel. 
Therefore A is a DM- compact Smarandache set 
in (H,Ty,*y)- 

The prove of the following theorem is direct, 
hence is omitted. 
3.8 Theorem 

Let (G,t,*) be a DM- compact Smarandache 
topological semigroup and H C€ G, if (H,*) is a 
subgroup of (G,*). Then (H,ty,*) is a DM- 
compact Smarandache topological semigroup. 
3.9 Corollary 

Let (G,t,*) is a DM- compact Smarandache 
topological semigroup and H; & G, indexed by 
I, be any family of subset of G such that (H;,*) 
is a subgroup of (G,*) for each i€/. Then 
(Nie; Hi.7,*) is a DM- compact Smarandache 
topological semigroup, (where T = (Nie; Hi) N 
T). 
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3.10 Theorem 
Let (G,t,*) and (G,z ,*) are two topological 
semigroups, if (G.*) is a group and (G,7,*) is a 
DM- compact Smarandache _ topological 
semigroup. Then (GX G,t XT,®) is a DM- 
compact Smarandache topological semigroup. 
Proof 
Let {(G x G; ,@); G; € T, ViE I} be any DM- 
covering of GXG => GXG= Uie(G X G,) 
= GX (Uie G;) = G = Vie G but (G7 ,*) is 
a DM- Smarandache 


compact topological 


semigroup, so there is a finite subset J © J 
such that G = Uje;G; and (G; ,*) is a group 
viel 
=> GX G = G X (Uje; G) = Ujes(G X G) 
where G x G; € T X Tand (G x G;,®) is a group 
for each j € J. Therefore (G X G,t X T,Q) is a 
DM- compact Smarandache _ topological 
semigroup. 
3.11 Theorem 

Let (G,t,*) and (G,t,*) be two DM- 
compact Smarandache topological semigroups. 
Then (GXG,tX7,®) is a DM- compact 
Smarandache topological semigroup. 
Proof 
Let (G,t,*) and (G,z,*) are two DM- compact 
Smarandache topological semigroup = there 
exists a DM-covering groups {Gg}qce, and 
{G,}nen0f G and G, respectively,, “= Gx G= 
(Uaea Ga) X (Upes Gp) = Uneabes(Ga X Gy) 
= {G,X Gacapes is a DM-covering of 


(G X Gt X T,®). 


4 


See [4] 


Journal of AL-Qadisiyah for computer science and mathematics 


Vol.8 


No.2 


Year 2016 


Let {W,}ic; be any DM-covering of (G x G,t Xx 
7,8) => GX G = Uje, W, , such that W; = U; x 
V;, where U; €t, V; ETfor each i€/. But 
(G,t,*) is a DM- compact Smarandache 
topological semigroup, so there is a finite subset 
of J such that G = Uje, U; and (U;,*) is a group 
for each j € J. 

Let Uj, € (Ujje; = (Uj, X Vihier is a 
DM-covering of (Uj, XG,@) => Uj,xG= 
Uier(Uj, X Vi), but Uz,xG is a DM- 

compact Smarandache topological semigroup 
from Theorem 3.11 since (U;,,*) is a group and 


4? 


(G,*) is a DM- compact Smarandache 


topological semigroup, so there is a finite 


STI such that (Uj, X Vs}ses is 


set 


a group Vs € S and Uj, x G =Uses(U;, x V;) 
= Uj, X (Uses Vs) 
(Uses Vs)) 

= (Ujey Uj) X (Uses Vs) = GX GPS GXG 
(Ujey Uj) X (Uses Vs) = Ujes.ses(U; x Ve). 


where 


= Ujes( Uj, % 


(U; x V;,@) are groups for each 
j€J.s€S. Therefore (GX G,tXT,®) is a 
DM-compact Smarandache topological 
semigroup. 
The prove of the following corollary is direct, 
hence is omitted. 
3.12 Corollary 

Let (G,t,*) is a DM- compact Smarandache 
topological semigroup and H.S are two subsets 
of G. Then HxXS a DM- 


is compact 


Smarandache set in (G X G,T X T,®). 


> See [4] 
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3.13 “Theorem 
Let {G;:i€ 1} be a family of topological 
groups. Then the direct G = []j¢, G;, equipped 
with the product topology is a_ topological 
group. 
From Theorem 3.11 and Theorem 3.13, 
respectively, and by induction we can prove the 
following theorem; 
3.14 Theorem 
If (G,t,*) is a DM- compact Smarandache 
topological semigroup, then (G",t” ,@) is a 
DM- Smarandache 


compact topological 


semigroup, where(x @ y) =(X1 * Vy,..5 Xp * 
yy) for each x;, y; € G,i =1, 2,...,n. 
3.15 Theorem 

The product of any finite collection of DM- 
compact Smarandache topological semigroups 
is a DM- compact Smarandache topological 
semigroup. 
The following corollary is direct from Corollary 
3.12 and Theorem 3.15; 
3.16 Corollary 

Suppose / is non-empty set and (G;,7;,*;) is a 
DM- compact Smarandache _ topological 
semigroups for eachi € ] , if H; is a subset of 
G,;, Viel. Then []je,H; is a DM- compact 
lier Gi5,8), 


S =Ty,-,¢, the usual product topology. 


Smarandache set in where 
3.17 Theorem 

Let (G,t,*) and (G,7,*) be two topological 
semigroups and f : (G,t,*) > (G,7,*) is an 


isomorphism. Then 


x proposition 3.3.4., p.18, [1]. 
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1- If A is a DM- compact Smarandache 
set in (G,t,*) = f(A) is a DM- compact 
Smarandache set in (G,T,*). 

2- If B is a DM- compact Smarandache 


set in (G,7,*) and f is an open map => f71(B) 
is a DM- compact Smarandache set in (G,T,*). 
Proof 

1- Let {G;};<; be any DM-covering set of f(A) 
in (G,t,*) that is f(A) © Ue G, ’= AS 
fier Gi) = Vier f~*(G;) , it is clear that 
f(G) €t .viEl since G;€T for each 
i€! and f is continuous , but A is a DM- 
compact Smarandache set in (G, T, *), so there 
is of TJ 
A = Uje; f~*(G;) and (f~*(G;), *) is a group 
viel = A=f'(UjeG) => fA= 
f (F-*(Ujes &)) = Uje,G; where (G;,*) is a 


group Vj €J since f is an isomorphism => 


a finite subset such _ that 


f(A) is a DM- compact Smarandache set in 
(G,7,%). 

2- Let {G;};-;be any DM-covering set of 
f-*(B) — in(G,t,*)= f-*(B) S Vier GCG; € 
t. WiET) = BES fie Gi) = Vier f(Gi), it 
is clear that f(G;) ET. Viel 
, but B 


since f is an 


open map is a DM- compact 


Smarandache set in (G,7,*), so there is a finite 


subset J © J such that B = Uje; f(G;) where 


(f(G;).*) is a group 
Vi EJ = B= f(Ujes Gj) = f-*(B) = 
Ujey G, 


where (G;,*) is a group Vj €J since f is an 


isomorphism = f~1(B) is a DM- compact 


Smarandache set in (G,T,*). 


7 


See [4] 
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3.18 Theorem 
Let (G,t,*) and (G,7,*) be two topological 


semigroups and f : (G,t,*) > (G,7,*) is an 


isomorphism. Then the following are 
equivalents; 

1-(G,T,*) is a DM-compact Smarandache 
topological semigroup, 

2-(G,z,*) is a DM- compact Smarandache 


topological semigroup. 

Proof 

(=) Suppose that (G,t,*) is a DM- compact 
Smarandache let 


topological semigroup , 


{G,;; G,€T,Vi€T} be any DM-covering of 


G7*% => G=UeG; = G=f'@= 
f-* ier Gi) => G = Vier f~*(G), but (G,1,*) 
is a DM-compact Smarandache topological 
semigroup, so there is a finite subset of J such 
that G = Ujey f *(G;) and (f~1(G;).*) is a 
group VWi/EJ = G= f(UjeyG) = 
G = fG) = FF (Ujes G)) = Ujey & 
where (G; ) is a group Vj €J. Therefore 
(G,t,*) is a DM- compact Smarandache 
topological semigroup. 

(<=) Suppose that (G,7,*) is a DM- compact 
Smarandache topological semigroup, let 
{G;; G; Et, Vie lI} be any DM-covering of 
(Grex) = G=Ue6 => G=fG)= 
f Vier Gi) => G = Vier f (G;), but (G,7,*) is a 
DM-compact 


Smarandache topological 


semigroup, so there is a finite subset of J such 
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that G = Uje, f(G;) and (f(G;,),*) is a group 

vVjeJ = G=f(UjgG) =G=f'@ = 

a (F(Ujes G;)) = Uje, G , where (G;,*) is a 

group Wj € J. 
Therefore a DM- 


(G,T,*) is compact 


Smarandache topological semigroup. 
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